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1. INTRODUCTION
The quenching phenomena for the initial-boundary value problem of
semilinear as well as quasilinear parabolic equations have been well studied
since 1975 (see [19]). A typical result implies that there is a strong con-
nection between the quenching phenomena and the first eigenvalue of the
Laplace operator. Compared to the case of bounded domains, there seems
to be very few results concerning the quenching phenomena on unbounded
domains (see, however [10, 11]). In this context, we investigate the
quenching phenomena of the following Cauchy problem
u
t
&2u=
:(1+|x| )m
1&u
, (x, t) # RN_(0, T ),
{u(x, 0)=0, x # RN, (1.1)
u(x, t)  0, as |x|  ,
where m # (&, ) is a real number and : is a positive parameter.
In the case of m=0, it is easy to see that the solution of problem (1.1)
always quenches in finite time no matter how the parameter : small is (see
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[11]). The philosophy of this result is based on the fact that the first eigen-
value of the following eigenvalue problem is zero.
{2u+*u=0, x # R
N,
u # H1 (RN).
Thanks to some recent results (see [1214]), we know that the first
eigenvalue of the following eigenvalue problem is positive
{
2u+*(1+|x| )m u=0, x # RN, N3, m<&2,
|
RN
(1+|x| )m u2 dx<+.
This makes us believe that the term (1+|x| )m can prevent the occurrence
of the quenching phenomena; this is just Theorem 1 of this paper.
However, what surprises us is that if the dimension N2, then the factor
(1+|x| )m can’t rule out quenching (see Theorem 2). Now we state our
main results.
Theorem 1. Assume that N3. Then we have
(i) If m< &2, then the solution of problem (1.1) exists globally for :
small enough and quenches in finite time for : large enough.
(ii) If m&2, then the solution of problem (1.1) always quenches in
finite time for any :>0.
Theorem 2. If the dimension N2, then for any m # (&, +) and
: # (0, +), the solution of problem (1.1) always quenches in finite time.
Here, the definition of the quenching is as follows
Definition. We say that the solution u(x, t) of problem (1.1) quenches
in finite time if there exists a real number 0<T<+ such that
lim
t  T&
sup
x # RN
u(x, t)=1.
The method which we use here is somewhat similar to that used by
Pinsky in [15] to prove the blow-up result. We conclude this section with
a plan of this paper: Section 2 contains some lemmas; the proofs of the
main results are completed in Section 3; Section 4 contains some additional
remarks.
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2. SOME LEMMAS
This section gives some lemmas needed for proving the main results. To
this end, let
P(t, x, y)=(4?t)&N2 exp \&|x& y|
2
4t +
denote the fundamental solution of the heat operator and set
Im (x, t)=|
RN
P(t, x, y)(1+| y| )m dy.
Then, we have
Lemma 2.1. If m0, then Im (x, t)1, for t0.
Proof. Taking the following transformation
’=
y&x
2 - t
,
then we have
Im (x, t)=?&N2 |
RN
e&|’|2 (1+|x+2 - t ’| )m d’.
Since m0, we have
(1+|x+2 - t ’| )m1.
Hence
Im (x, t)?&N2 |
RN
e&|’|2 d’=1.
Lemma 2.2 [15, Lemma 6]. If m0 and t>0, then the function
Im (x, t) attains its maximum at x=0.
Lemma 2.3. Assume that m # R and that t1. Then we have
(i) If m>&N, then there exist two positive constants C1 , C2 , such
that
C1 tm2Im (0, t)C2 tm2.
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(ii) If m=&N, then there exist two positive constants C1 , C2 , such
that
C1 t&N21 ln(1+t)Im (0, t)C2t
&N2 ln(1+t).
(iii) If m&N, then there exist two positive constants C1 , C2 , such
that
C1 t&N2Im (0, t)C2 t&N2.
Proof. let |N&1 denote the area of unit N-sphere, and KN=
(4?)&N2 |N&1 . Then, we have
t&m2Im (0, t)=2NKN |

0
e&’2’N&1 \ 1- t+2’+
m
d’, if m+N>0
and
tN2Im (0, t)=KN |

0
e&r 24trN&1 (1+r)m dr, if m+N<0.
Thus, as t  , we have
t&m2Im (0, t)  2N+mKn |

0
e&’ 2’N&1+m d’=cm>0, if m+N>0,
and
tN2Im (0, t)  KN |

0
rN&1 (1+r)m dr=cm>0, if m+N<0.
So Lemma 2.3(i) and (iii) follows.
If m=&N, then we have
tN2I&N(0, t)=KN |

0
e&r 24t \ r1+r+
N&1 dr
1+r
.
Hence, on one hand
tN2I&N(0, t)KN |
- t
14
e&r24t \ r1+r+
N&1 dr
1+r
\15+
N&1
e&14KN |
- t
14
dr
1+r
c1 ln(1+t),
for certain, positive constant c1 and t>1.
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On the other hand
tN2I&N(0, t)KN |

0
e&r 24t
dr
1+r
=KN |
t
0
e&r24t
dr
1+r
+KN |

t
e&r 24t
dr
1+r
KN ln(1+t)+KN |

t
e&r 24t
dr
1+r
.
Noticing that
|

t
e&r 24t
dr
1+r
=&2t }
e&r24t
r(1+r)}

t
&2t |

t
(2r+1) e&r 24t
r2 (1+r2)
dr

2e&t4
1+t
,
we obtain
tN2IN(0, t)KN ln(1+t)+
2e&t4
1+t
c2 ln(1+t)
for some positive constant c2 . So Lemma 2.3(ii) is proved.
3. THE PROOF OF THEOREM 1 AND THEOREM 2
Proof of Theorem 1. The mild solution of Problem (1.1) is
u(x, t)=: |
t
0
|
RN
p(t&s, x, y)
(1+| y| )m
1&u
dy ds.
(i) In order to obtain global solution for small :, it suffices to prove
that if we a priori assume
u(x, t) 12 , for (x, t) # R
N_(0, ),
then it is in fact valid for : small enough, since the solution may be found
by successive substitution in right hand side of the last equation.
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By the assumption u(x, t) 12 , we have
u(x, t)=: |
t
0
|
RN
p(t&s, x, y)
(1+| y| )m
1&u
dy ds
2: |
t
0
|
RN
p(t&s, x, y)(1+| y| )m dy ds
=2: |
t
0
Im (x, t&s) ds,
where Im (x, t&s)=RN p(t&s, x, y)(1+| y| )m dy.
If t1, then by Lemma 2.1, we have
u(x, t)2: |
t
0
Im (x, t&s) ds
2: |
t
0
ds
2:.
If t>1, then
u(x, t)2: |
t
0
Im (x, t&s) ds
=2: |
t&1
0
Im (x, t&s) ds+2: |
t
t&1
Im (x, t&s) ds.
Since t&s1, for s # [0, t&1], by Lemma 2.1 and Lemma 2.2, we have
u(x, t)2:+2: |
t&1
0
Im (0, t&s) ds.
On the other hand, Lemma 2.3 shows
|
t&1
0
Im (0, t&s) ds=|
t
1
Im (0, %) d%
|

1
Im (0, %) d%<+,
provided N3 and m<&2.
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Hence, in each case, we have
u(x, t)2: \1+|

1
Im (0, %) d%+
and consequently
u(x, t)< 12 , for (x, t) # R
N_(0, ),
if :>0 small enough. So the problem (1.1) has a global solution for small
:>0.
Next, we are going to prove that the solution of problem (1.1) quenches
in finite time for : large enough.
Since, for t>1
u(x, t)=: |
t
0
|
RN
p(t&s, x, y)(1+| y| )m
1
1&u
dy ds
: |
t&1
0
Im (x, t&s) ds,
we have
u(0, t): |
t&1
0
Im (0, t&s) ds
=: |
t
1
Im (0, %) d%,
and by Lemma 2.3
0<|

1
Im (0, %) d%=Jm<+, for m<&2, N3.
So for :>1Jm , eventually.
u(0, t)>1
which is impossible. This implies that u(x, t) quenches in finite time for :
large enough.
(ii) To prove Theorem 1(ii), we assume that
u(x, t)<1, for (x, t) # RN_(0, ) (3.1)
and then deduce a contradiction.
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Since, for t>1
u(0, t): |
t&1
0
Im (0, t&s) ds
=: |
t
1
Im (0, %) d%
and by Lemma 2.3
lim
t   |
t
1
Im (0, %) d%=+, for m&2, N3
we have
lim
t  
u(0, t)=+, for any :>0, m&2, N3.
which contradicts (3.1). This argument shows Theorem 1(ii).
Proof of Theorem 2. Notice that if 1N2, we have
|
t
1
Im (0, %) d%  + as t  , for any m # (&, ).
So the same argument as in the proof of Theorem 1(ii) gives Theorem 2.
4. SOME ADDITIONAL REMARKS
Remark 1. This remark concerns the large time behavior of the global
solution of problem (1.1) and we will prove the following result.
Theorem 3. Assume that u(x, t)B<1 is a global solution of problem
(1.1). Then the limit function
w(x)= lim
t  
u(x, t)
is a solution of the problem
{&2w=(1+|x| )m
1
1&w
, x # RN,
w(x)  0, as |x|  .
Proof. At first, we claim that
ut (x, t)0, for (x, t) # RN_(0, +). (4.1)
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In fact, for any h>0, if we consider the auxiliary function
w(x, t)=u(x, t+h)&u(x, t)
then w(x, t) satisfies
w
t
&2w=
(1+|x| )m w
(1&u(x, t+h))(1&u(x, t))
, (x, t) # RN_(0, +),
{w(x, 0)=u(x, h)0, x # RN,
w(x, t)  0, |x|  +, (x, t) # RN_(0, +),
and hence
w(x, t)0, for (x, t) # RN_(0, +),
which immediately implies the validity of (4.1).
Now, by (4.1) and the assumption u(x, t)B<1, we can conclude that
the limit limt  + u(x, t) exists.
Set
w(x)= lim
t  +
u(x, t).
Then, it is obvious that w(x)  0 as |x|  +. Hence, to complete the
proof of Theorem 3, we only have to prove that w(x) satisfies
&2w(x)=
(1+|x| )m
1&w
, x # RN
To this end, let G(x, y) be the fundamental solution of the Laplace
operator. Then we have
|
RN
G(x, y) ut dy+u(x, t)=: |
RN
G(x, y)
(1+| y| )m
1&u
dy.
Integrating the above equality with respect to time t on interval [t, t+1],
we have
|
RN
G(x, y)(u( y, t+1)&u( y, t)) dy+|
t+1
t
u(x, {) d{
=: |
RN
G(x, y) |
t+1
t
(1+| y| )m
1&u
d{ dy.
171THE QUENCHING PHENOMENA
By mean value theorem, we know that there exist two points !1 , !2 #
[t, t+1] such that
u(x, !1)+|
RN
G(x, y)(u( y, t+1)&u( y, t)) dy=|
RN
:G(x, y)
(1+| y| )m
1&u( y, !2)
dy.
Let t  +. We immediately have
w(x)=|
RN
:G(x, y)
(1+| y| )m
1&w
dy,
that is,
&2w(x)=
:(1+|x| )m
1&w
, x # RN.
This completes the proof of Theorem 3.
Remark 2. As direct consequences of Theorem 1, Theorem 2, and
Theorem 3, we have the following results.
Theorem 4. Assume that N3. Then we have
(i) If m< &2, then there exist a critical number 0<:*<, such that
the problem
{&2w=
:(1+|x| )m
1&w
,
w(x)  0,
x # RN
|x|  ,
(4.2)
has at least one classical solution for : # (0, :*) and has no classical solution
for :>:*.
(ii) If m&2, then for any :>0, the problem (4.2) has no classical
solution.
Theorem 5. If N2, then for any m # (&, +) and :>0, the
problem (4.2) has no classical solution.
Remark 3. The conclusions of Theorem 1 and Theorem 2 can be easily
generalized to the following problem
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u
t
&2u=:(1+|x| )m g(u), (x, t) # RN_(0, T ),
{u(x, 0)=0, x # RN,u(x, t)  0, as |x|  +,
where g(s): [0, b)  (0, +) satisfies
(G1) g(0)>0 and g(s) is locally Lipschitz on [0, b),
(G2) lims  b& g(s)=+.
Remark 4. Though the term (1+|x| )m can’t prevent the occurrence of
the quenching phenomena for N2, we can still prove that the term
(1+t)m may rule out quenching. That is, if we consider the following
Cauchy problem
u
t
&2u=
:(1+t)m
1&u
, x # RN, t>0, N2,
{u(x, 0)=0, x # RN (4.3)u(x, t)  0, |x|  +,
then we have
Theorem 6. If m<&1, then there exists a critical number :*>0 such
that the problem (4.3) has a global classical solution for : # (0, :*) and has
no global classical solution for :>:*.
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